An alternative alpha finite element method (AαFEM) for free and forced structural vibration using triangular meshes  by Nguyen-Thanh, N. et al.
Journal of Computational and Applied Mathematics 233 (2010) 2112–2135
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
An alternative alpha finite element method (AαFEM) for free and forced
structural vibration using triangular meshes
N. Nguyen-Thanh a, Timon Rabczuk a, H. Nguyen-Xuan b,e, Stéphane P.A. Bordas c,d,∗
a Institute of Structural Mechanics, Bauhaus-University Weimar, Marienstr. 15, D-99423 Weimar, Germany
b Singapore-MIT Alliance (SMA), E4-04-10, 4 Engineering Drive 3, Singapore 117576, Singapore
c Department of Civil Engineering, University of Glasgow, Rankine building, G12 8LT, Scotland
d Royal Academy of Engineering/Leverhulme Trust Senior Research Fellow (‘‘Towards the next generation surgical simulators’’), School of Engineering, Institute of
Theoretical, Applied and Computational Mechanics, Cardiff University, Wales, UK
e Department of Mechanics, Faculty of Mathematics and Computer Science, University of Science, VNU-HCM, 227 Nguyen Van Cu, District 5,
Ho Chi Minh City, Viet Nam
a r t i c l e i n f o
Article history:
Received 22 May 2009
Received in revised form 25 August 2009
Keywords:
Numerical methods
Finite element method (FEM)
Alpha finite element method (αFEM)
Node-based smoothed finite element
method (NS-FEM)
a b s t r a c t
An alternative alpha finite elementmethod (AαFEM) using triangular elements is proposed
that significantly improves the accuracy of the standard triangular finite elements and
provides a superconvergent solution in the energy norm for the static analysis of two-
dimensional solid mechanics problems. In the AαFEM, the piecewise constant strain field
of linear triangular FEM models is enhanced by additional strain terms with an adjustable
parameter α which results in an effectively softer stiffness formulation compared to a
linear triangular element. The element is further extended to the free and forced vibration
analyses of solids. Several numerical examples show that the AαFEM achieves high
reliability compared to other existing elements in the literature.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The analysis of natural frequencies and forced response has played a very important role in the design of structures
in mechanical, civil and aerospace engineering applications [1–3]. A thorough study of the dynamic behaviour of these
structures is essential in assessing their full potential. Therefore, it is necessary to develop appropriate models capable of
accurately predicting their dynamic characteristics. In practical applications, the lower order linear triangular element is
mostly preferred due to its simplicity, efficiency, less demand on the smoothness of the solution, and ease for adaptive
mesh refinements for solutions of desired accuracy.
In solving practical engineering problems, numerical methods have become the most widely used tools. The finite
element method (FEM) is considered to be a very effective and versatile approach for these problems. A generalized strain
smoothing technique was proposed, which relies on the strain smoothing technique [4]. The smoothed FEM results in
the application of this strain smoothing idea to the standard finite element method. The smoothed FEM (SFEM) has also
been developed for general n-sided polygonal elements (nSFEM) [5], dynamic analysis [6–8], plate and shell analysis [9–
13] and coupled to partition of unity enrichment [14–21]. Ref. [17] also provides a review of strain smoothing in FEM. A
general framework for this strain smoothing technique in FEM was proposed in [22]. Finally, it was shown in [23] that
Wachspress interpolants provide an integrated approximation framework for smoothed finite element methods, even for
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distortedmeshes. Based on the idea of the node-based smoothed point interpolationmethod (NS-PIM) and the SFEM, a node-
based smoothed finite element method (NS-FEM) [24] for two-dimensional solid mechanics problems has been developed.
Ref. [25] provides an alternative integration method for polygonal elements, which was then extended in [26] to simplify
numerical integration of discontinuous approximations in the extended finite element method [27–30]. A recent review of
meshless methods, including a computer implementation in MATLAB is provided in [31].
The finite element methods with free parameters have been well known via previous contributions in [32–34]. An alpha
finite element method (αFEM) [35] using triangular and tetrahedral elements were formulated to obtain ‘‘exact’’ or ‘‘best
possible’’ solutions for a given problem by scaling the gradient of strains in the natural coordinates and Jacobian matrices
with a scaling factor α. The method is not variationally consistent but proven stable and convergent. The αFEM can produce
approximate solutions that ‘‘very close to exact’’ solutions in the strain energy for all overestimation problems, and ‘‘best’’
possible solution to underestimation problems.
Recently, Liu et al. [36] have proposed a superconvergent alpha finite element method (SαFEM) using triangular meshes.
In the SαFEM (nowAαFEM), an assumed strain fieldwas formulated by adding the averaged nodal strainswith an adjustable
factorα to the compatible strains. The newGalerkin-likeweak form, as simple as the Galerkinweak form,was then obtained
for this constructed strain field. It was proven theoretically and numerically that the AαFEM ismuchmore accurate than the
original FEM-T3 and even more accurate than the FEM-Q4 when the same sets of nodes are used. The AαFEM can produce
both lower and upper bounds to the exact solution in the energy norm for all elasticity problems by properly choosing
an α. In addition, a preferable-α approach has also been devised for the SαFEM to produce very accurate solutions for
both displacement and energy norms and the superconvergent rate in the energy error norm. Furthermore, a model-based
selective scheme is proposed to formulate a combined SαFEM/NS-FEMmodel that handily overcomes the volumetric locking
problems. It is also shown that AαFEM performs excellently for singularity problems [36]. Initial work on the behaviour of
the smoothed FEM for singular problem was provided in [14].
In this paper, an alternative alpha finite element method is further extended to the free and forced vibration analysis
of two-dimensional solids. AαFEM is based on three-nodes triangular elements and a properly chosen α parameter. The
natural frequency and eigen-mode analysis of the free vibration are obtained by solving an eigenvalue problem. In addition,
an implicit time integration scheme is used in order to solve the forced vibration system equations. The numerical results
demonstrate that the AαFEM is always more accurate than the original FEM-T3, and even more accurate than FEM-Q4. It
also gives a good agreement compared to several other methods in the literature.
The paper is arranged as follows: next section describes the discrete governing equations. In Section 3, an assumed strain
field based on linear triangular elements (T3) is introduced. In Section 4 some theoretical properties of the AαFEM are
discussed. Next, in Section 5 the forced and free vibration analysis is presented. Section 6 presents and discusses numerical
results. We close our paper with some concluding remarks and ideas for future work.
2. Discrete governing equations
Consider a two-dimensional linear elastic solid as a planar domain Ω and a body force b within the domain. The dis-
placement field satisfies the Dirichlet boundary conditions u = u¯ on Γ u and the stress field satisfies the Neumann boundary
conditions t on boundary Γ t . Arbitrary virtual displacements δd result in compatible virtual strains δε and internal displace-
ments δu. In the dynamic equilibrium equations with the representation of the inertial and damping forces, the principle of
virtual work can be written as follows [6]:∫
Ω
δεTDεdΩ −
∫
Ω
δuT [b− ρu¨− cu˙] dΩ −
∫
Γt
δuTtdΓ = 0. (1)
The virtual displacements and the compatible strains ε = ∇suwithin any element can be written as follows
δuh =
np∑
I=1
NIδdI , uh =
np∑
I=1
NIdI (2)
δεh =
np∑
I=1
BIδdI , εh =
np∑
I=1
BIdI (3)
where np is the total number of nodes in the mesh, dI = [uI vI ]T is the nodal displacement vector and NI is the shape
function. The standard gradient matrix BI is as follows:
BI = ∇sNI(x) =
[NI,x 0
0 NI,y
NI,y NI,x
]
(4)
where ∇s is the symmetric gradient operator. The assembly process gives∫
Ω
δdTBTDεdΩ −
∫
Ω
δdTNT [b− ρu¨− cu˙] dΩ −
∫
Γt
δdTNTtdΓ = 0. (5)
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Fig. 1. Triangular elements and smoothing cells associated with nodes.
From the expressions related to any arbitrary virtual displacements δd, we have∫
Ω
BTDεdΩ −
∫
Ω
NT [b− ρu¨− cu˙] dΩ −
∫
Γt
NTtdΓ = 0. (6)
The resulting discrete governing equations can be written as follows:
Md¨+ Cd˙+ Kd = f (7)
in which
K =
∫
Ω
BTDBdΩ (8)
f =
∫
Ω
NTbdΩ +
∫
Γt
NTtdΓ (9)
M =
∫
Ω
NTρNdΩ (10)
C =
∫
Ω
NTcNdΩ. (11)
3. Construction of an assumed strain field
The problem domainΩ is partitioned into Ne triangular elements and contains a total of N nodes. The domain,Ω , is then
divided into a set of smoothing domainsΩk, k = 1, 2, . . . ,N , by connecting node k to centroid of the surrounding triangles as
shown in Fig. 1.Ωk is then further divided intoM subdomainsΩk,i as shown in Fig. 2 such thatΩk =⋃Mi=1Ωk,i,Ωk,i∩Ωk,j =
∅, i 6= j. The approximation of the displacement uh = (uhx, uhy) of the elasticity problem can then be expressed as
uh (x) =
N∑
I=1
NI (x) dI (12)
withdi the vector of (unknown) nodal displacements. The compatible strainεk,i at anypoint using the assumeddisplacement
field based on triangular elements. The strain tensor is given by
εk,i = ∇suk,i(x). (13)
Since the displacement is linear, εk,i is constant in Ωk,i and different from element to element. Such a piecewise constant
strain field obviously does not represent well the exact strain field, and should be somehowmodified or corrected. To make
a proper correction, a smoothed strain for node k (see Fig. 2) is introduced as follows [36]:
ε¯k = 1Ak
∫
Ωk
εk,i (x) dΩ (14)
where Ak is the area of the smoothing domainΩk.
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Fig. 2. Smoothing cell andM triangular subdomains associated with node k.
The strains εk, εI at points k, I are then calculated as
εI = εP = εk,i − α
√
6
3
(
ε¯k − εk,i
)
εk = α
√
6ε¯k +
(
1− α√6
)
εk,i − α
√
6
3
(
ε¯k − εk,i
) (15)
where α is an adjustable factor. The strain field εˆ at any point within a sub-triangular domain Ωk,i is now reconstructed
as [37,36]:
εˆ (x) = L1 (x) εk + L2 (x) εP + L3 (x) εI
= L1 (x)
(
α
√
6ε¯k +
(
1− α√6
)
εk,i −
√
6
3
α
(
ε¯k − εk,i
))
+ L2 (x)
(
εk,i −
√
6
3
α
(
ε¯k − εk,i
))+ L3 (x)(εk,i − √63 α (ε¯k − εk,i)
)
(16)
where L1, L2, L3 are the area coordinates for the sub-triangularΩk,i which form a partition of unity. Eq. (16) can be simplified
as
εˆ (x) = (L1 + L2 + L3) εk,i + α
√
6L1 (x)
(
ε¯k − εk,i
)− (L1 + L2 + L3) α√63 (ε¯k − εk,i) (17)
which can be further simplified as
εˆ (x) = εk,i + αεadk,i (18)
where εk,i is constant inΩk,i and
εadk,i (x) =
√
6
(
ε¯k − εk,i
) (
L1 (x)− 13
)
(19)
which is the additional strain that is a linear function in Ωk,i. We now prove that the constructed strain field satisfies an
orthogonality condition to the constant stress field. Using formula [2]∫
Ωk,i
Lp1L
q
2L
r
3dA =
p!q!r!
(p+ q+ r + 2)!2Ak,i. (20)
It is clear that∫
Ωk,i
εadk,idΩ =
√
6
(
ε¯k − εk,i
) ∫
Ωk,i
(
L1 − 13
)
dΩ = 0 (21)
which is termed as zero-sum property of the correction strain, which is similar to the orthogonality condition that is used in
the stabilization formulation [38–40]. The zero-sum property results in the following total zero-sum of the additional strain
over the entire problem domain:∫
Ωk,i
εaddΩ =
N∑
k=1
M∑
i=1
∫
Ωk,i
εadk,idΩ = 0. (22)
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Therefore, we have∫
Ω
εˆdΩ =
∫
Ω
εdΩ +
∫
Ω
εaddΩ =
N∑
k=1
M∑
i=1
∫
Ωk,i
εk,idΩ (23)
which implies that the strain εk,i does not effect the constant stress state that is needed to satisfy a patch test [41,42], and
hence ensures the convergence. Thus a strain field εˆ based on combining the constant compatible strains ε of the FEM and
the node-based smoothed strains ε¯ of the NS-FEM has been carefully reconstructed, so that AαFEM can always pass the
standard patch tests ensuring the convergence for any finite α ∈ R. In addition, an α is also introduced to regularize the
variation of the strain field and resulted in an effectively softened stiffness matrix.
4. Weak form for modified strain field
We use the modified Hellinger–Reissner variational formulation:
N∑
k=1
M∑
i=1
[∫
Ωk,i
δ
(
εk,i + αεadk,i
)T D (εk,i − αεadk,i) dΩ
]
−
∫
Ω
δuTbdΩ −
∫
Γt
δuTdΓ = 0. (24)
The Galerkin-like weak form, Eq. (24), is an extended form of the standard Galerkin weak formulation to conform the strain
field. The Galerkin-like weak form becomes the standard Galerkin weak form as εadk,i = 0. Substituting the approximation,
Eq. (12), into Eq. (24), and using the arbitrariness of the variation, we obtain
Kˆ
AαFEM
α dˆ = f (25)
where Kˆ
AαFEM
α is the global stiffness matrix with the scaled gradient strains
Kˆ
AαFEM
α =
N∑
k=1
M∑
i=1
∫
Ωk,i
BTk,iDBk,idΩ − α2
N∑
k=1
M∑
i=1
∫
Ωk,i
(
Badk,i
)T DBadk,idΩ
= KFEM−T3 − α2KˆAαFEMad (26)
and f is the global force vector given in Eq. (9). where KFEM−T3 is the global stiffness matrix of the standard FEM (T3). Kˆ
AαFEM
ad
is derived from the corrected strain, and hence it is termed as corrected stiffnessmatrix that helps to reduce thewell-known
overly-stiff behaviour of the standard FEM. In Eq. (26),
Badk,i =
√
6
(
B¯k − Bk,i
) (
L1 − 13
)
(27)
and Kˆ
AαFEM
ad can be rewritten explicitly as
Kˆ
AαFEM
ad =
N∑
k=1
M∑
i=1
∫
Ωk,i
(
Badk,i
)T DBadk,idΩ
= 6
N∑
k=1
M∑
i=1
(
B¯k − Bk,i
)T D (B¯k − Bk,i) ∫
Ωk,i
(
L1 − 13
)2
dΩ
= 1
3
N∑
k=1
M∑
i=1
(
B¯k − Bk,i
)T D (B¯k − Bk,i) Ak,i (28)
where B¯k = 1Ak
∑M
i=1
∫
Ωk,i
Bk,idΩ = 1Ak
∑M
i=1 Ak,iBk,i is the nodal strain displacement matrix of node k, Bk,i is the strain
displacement matrix of sub-triangular domain i connecting to vertex k, see Fig. 2.
It is clear that the corrected stiffnessmatrix Kˆ
AαFEM
ad accounts for the strain gap, Eq. (19), between the compatible (element)
strains of the FEMand the smoothed nodal strains of theNS-FEM. Note that the present formulation, Eq. (26), is always stable
for any finite parameters α. Hence, α can be manipulated without affecting the convergence property of the method [35],
i.e. the method converges for any α.
Manipulating Kˆ
AαFEM
ad through α can, however, change the convergence rate and the error level of the resulting method.
Eq. (26) can now be expressed in the following form:
Kˆ
AαFEM
α = Kˆ
AαFEM
α=0 − α2Kˆ
AαFEM
ad . (29)
We noted that in the AαFEM altered only the stiffness matrix. The other quantities: force vector f, mass matrix M and
damping matrix C remain unchanged.
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5. Forced and free vibration analysis
From Eq. (29), the discretized system of equations in the AαFEM can be expressed as
Md¨+ Cd˙+ KˆAαFEMα d = f. (30)
We use Rayleigh damping whose damping matrix C is assumed to be a linear combination of M and Kˆ
AαFEM
α . We use the
Newmark method which is a generation of the linear acceleration method. The latter method assumes that the acceleration
varies linearly within the interval (t, t +∆t). The formulation of the Newmark method is:
d¨ = d¨t + 1
∆t
(
d¨t+∆t − d¨t
)
τ (31)
d˙t+∆t = d˙t +
[
(1− δ) d¨t + δd¨t+∆t
]
∆t (32)
dt+∆t = dt + d˙∆t +
[(
1
2
− β
)
d¨t + βd¨t+∆t
]
∆t2. (33)
The response at t + ∆t is obtained by evaluating the equation of motion at time t + ∆t . The Newmark method is
unconditionally stable provided that
δ ≥ 0.5 and β ≥ 1
4
(δ + 0.5)2 . (34)
In this paper, δ = 0.5 and β = 0.25 are used.
6. Numerical results
6.1. Static analysis
In this section, we will illustrate a numerical technique to determine an optimal value of α that can produce a nearly
exact solution in strain energy. This value will then be used for all the problems in this manuscript.
6.1.1. Cantilever beam to a parabolic traction at the free end
A cantilever beamwith length L and height D and unit thickness is studied as a benchmark here. The beam is subjected to
a parabolic traction at the free end as shown in Fig. 3. The related parameters are taken as length L = 48m, heightD = 12m,
Young’s module E = 3.0 × 107 kPa, Poisson’s ratio ν = 0.3, P = 1000 N. The analytical solution is available and can be
found in a textbook in [43].
ux = Py
6E¯I
[
(6L− 3x) x+ (2+ ν¯)
(
y2 − D
2
4
)]
uy = − Py
6E¯I
[
3ν¯y2 (L− x)+ (4+ 5ν¯) D
2x
4
+ (3L− x) x2
] (35)
where the moment of inertia I for a beam with rectangular cross section and unit thickness is given by I = D312 and
E¯ =
{
E
E/
(
1− ν2) , ν¯ =
{
ν for plane stress
ν/ (1− ν) for plane strain. (36)
The stresses corresponding to the displacements Eq. (35) are
σxx (x, y) = P (L− x) yI ; σyy (x, y) = 0; τx,y (x, y) = −
P
2I
(
D2
4
− y2
)
. (37)
The meshes based on triangular elements are used as shown in Fig. 3. The exact strain energy for this problems is 4.4746,
that is obtained by α = 1.4152 independent of the mesh refinement is shown in Fig. 4. The convergence of normalized
strain energy with respect to the parameters α are described in Fig. 5. As computed, the factor α = 1.4152 leads to the
highest accuracy compared with the other methods. The solutions in displacement and energy of AαFEM are also compared
with those of the FEM-T3, FEM-Q4, NS-FEM-T3 [24] and ES-FEM-T3 [44] as given in Figs. 6 and 7. It is found that the FEM-T3
is very stiff while the NS-FEM-T3 is very soft compared to the exact solution. The AαFEM is stiffer than the NS-FEM-T3 and
softer than the FEM-T3, and is very close the exact solution. The AαFEM is clearly a good competitor to the ES-FEM-T3 [44]
that was found elsewhere to be one of the most accurate models using linear triangular elements. The AαFEM is also more
accurate than the FEM-Q4. From Figs. 8 and 9, it is observed that the most accurate methods tested here is the AαFEM.
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Fig. 3. A cantilever beam and its meshes.
Fig. 4. Strain energy of the cantilever beam versus parameter α. These series of calculations allow us to find an approximatively optimal value for α. This
figure also shows that for the range of regular meshes tested, this ‘‘optimal’’ value is mesh dependent (all curves intersect the exact energy line at the same
point with meshes of the same aspect ratio). Also notice that the sensitivity to α decreases with mesh refinement (smaller slope) and that the relationship
between the strain energy andα being approximately linear, two simulations for two different values ofα and a coarsemeshwould be sufficient to estimate
the optimal value of α. This was also observed in Fig. 12.
Fig. 5. Normalized strain energy of the cantilever beam.
6.1.2. Infinite plate with a circular hole
Fig. 10 shows a plate with a circular hole of radius a = 1 m. The plate is subjected to a unidirectional tensile load of
σ = 1.0 N/m at infinity in the x-direction. Due to its symmetry, only the upper right quadrant of the plate is modeled.
Plane strain conditions are assumed and E = 1.0 × 103 N/m2, Poisson’s ratio ν = 0.3. Symmetric conditions are imposed
on the left and bottom edges, and the inner boundary of the hole is traction free. The exact solution of the stress for the
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Fig. 6. Vertical displacement at central line (y = 0) using triangular elements of the cantilever beam.
Fig. 7. Convergence of the strain energy in a cantilever subjected to a parabolic traction at the free end.
Fig. 8. Convergence and the estimated rate in the displacement norm of the cantilever beam. Note that the proposed method, AαFEM outperforms all
others and is almost two orders of magnitude more accurate than the FEM-T3. The convergence rate for coarse meshes is also larger than that of all other
methods tested. Asymptotically, this convergence rate reaches similar values to that yielded by the other methods tested.
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Fig. 9. Convergence and the estimated rate in the energy norm of the cantilever beam. Compared to the displacement norm results shown in Fig. 8, notice
that the convergence rate in energy is larger than that of all other methods tested, both in the limit of coarse and fine meshes.
1 1
Fig. 10. Infinite plate with a circular hole and its quarter model.
Fig. 11. Domain discretization using 128 triangular elements for the quarter model of the infinite plate with a circular hole.
corresponding infinite solid is [43]
σ11(r, θ) = 1− a
2
r2
[
3
2
cos 2θ + cos 4θ
]
+ 3a
4
2r4
cos 4θ
σ22(r, θ) = −a
2
r2
[
1
2
cos 2θ − cos 4θ
]
− 3a
4
2r4
cos 4θ
τ12(r, θ) = −a
2
r2
[
1
2
sin 2θ + sin 4θ
]
+ 3a
4
2r4
sin 4θ
(38)
where (r, θ) are the polar coordinates and θ is measured counterclockwise from the positive x-axis. Traction boundary
conditions are imposed on the right (x = 5.0) and top (y = 5.0) edges based on the exact solution Eq. (38). The displacement
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Fig. 12. Strain energy of the infinite plate with a hole as a function of parameter α. See also Fig. 5.
Fig. 13. Normalized strain energy of the infinite plate with a hole along the bottom boundary for various meshes and values of parameter α. Note that it
is possible to obtain overestimation or underestimation of the exact strain energy only by tuning parameter α.
Fig. 14. Horizontal displacement of the infinite plate with a hole along the bottom boundary.
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Fig. 15. Vertical displacement of the infinite plate with a hole along the left boundary.
Fig. 16. Distribution of stress along the left boundary (x = 0) of the infinite plate with a hole subjected to unidirectional tension.
components corresponding to the stresses are
u1(r, θ) = a8µ
[
r
a
(κ + 1) cos θ + 2a
r
((1+ κ) cos θ + cos 3θ)− 2a
3
r3
cos 3θ
]
u2(r, θ) = a8µ
[
r
a
(κ − 1) sin θ + 2a
r
((1− κ) sin θ + sin 3θ)− 2a
3
r3
sin 3θ
] (39)
whereµ = E/(2(1+ν)), and κ = 3−4ν. Themeshwith 128 triangular elements is shown in Fig. 11. The exact strain energy
of the problem is 1.1817717 × 10−2, the estimated solutions at α = 1.4156 for the strain energy are 1.1817966 × 10−2
shown in Fig. 12. As resulted in Fig. 13 with the parameter α = 1.4156, the convergence of strain energy is best compared
with other elements. Figs. 14 and 15 illustrate the displacements along the bottom and the left boundary of the methods
for the mesh with 128 triangular elements. It is shown that the AαFEM is more accurate than FEM-T3, NS-FEM and ES-FEM.
Figs. 16–19, in the energy norms.
Remark. The performance of the proposed method can be usefully compared with that of the smoothed finite element
method (SFEM). Similarly to the SFEM, the proposed method shows different behaviours in the energy and displacement
norms. The smoothed FEM, a review ofwhich is presented in [14], is superconvergent in the energy norm for the one-subcell
version (which suffers from rank deficiency) while this superconvergence is lost for larger numbers of subcells. Stabilization
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Fig. 17. Distribution of stress along the bottom boundary (y = 0) of the infinite plate with a hole subjected to unidirectional tension.
Fig. 18. Solution bounds of energy for infinite plate with a circular hole.
techniques can be devised in the SFEM to combine the strengths of the one-subcell and large-subcell-number methods. In
the present method, this rank deficiency is not present. At the cost of a slightly larger bandwidth and a tunable parameter,
the AαFEM provides a stable and accurate alternative to standard FEMwhich can provide both high displacement and stress
accuracy and convergence rates.
6.2. Free and forced vibration analysis
For two problems, we observed that the optimal value of α varies in the interval of 1.4 ÷ 1.5. Here, we choose the
parameter α = 1.4156 for free and force vibration analysis. Although the parameter α chosen may not be optimal for
all dynamic problems, the results found are acceptable and more accurate than those of FEM-T3, FEM-Q4 and are a good
competitor to several other methods in the literature.
6.2.1. Free vibration analysis of a cantilever beam
The free vibration analysis presented for a two-dimensional cantilever beam as shown in Fig. 21. The dimensions of the
beam are: length L = 100 mm, height D = 10 mm, thickness t = 1.0 mm, Young’s modules E = 2.1 × 104 kgf/mm4,
Poisson’s ratio ν = 0.3, and mass density ρ = 8.0× 10−10 kgfs2/mm4. A plane stress problem is considered.
The first eight eigen-modes of the beam are shown in Fig. 22 and results are listed in Table 1. It is observed that AαFEM
converges much faster than the FEM-T3, FEM-Q4 especially for a very coarse mesh (20 × 2 elements). For 40 × 4, AαFEM
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Fig. 19. Convergence and the estimated rate in the displacement norm of the infinite plate with a circular hole. Note that the proposed method, for this
value of α is slightly outperformed by the ES-FEM in terms of displacement accuracy. As shown in Fig. 20, this is not the case in the energy norm.
Fig. 20. Convergence and the estimated rate in the energy norm of the infinite plate with a circular hole. Note the initial (for coarse meshes)
superconvergence attenuates and that the ‘‘asymptotic’’ rate of convergence is the same as that of the other method tested.
D
=1
0
L=100
Fig. 21. A cantilever beam and its mesh.
achieves comparable accuracy compared with the corresponding reference solution [45]. In addition, Table 2 describes the
error of the approximated solution compared with Euler–Bernoulli beam theory. It is clear that the frequency errors of the
AαFEM are slightly smaller than those of the other methods.
N. Nguyen-Thanh et al. / Journal of Computational and Applied Mathematics 233 (2010) 2112–2135 2125
Table 1
First eight natural frequencies of a cantilever beam.
No. elements FEM-T3 FEM-Q4 ES-FEM [44] MLPG [46] NBNM [45] AαFEM
(20× 2) 1 119 924 853 824.44 844.19 867.80
6643 5561 5078 5070.32 5051.21 5228.45
80 12852 13484 12828 12894.73 12827.60 12833.66
triangular 17306 14732 13246 13188.12 13258.21 13858.33
elements 31173 27003 23783 24044.43 23992.82 25366.81
38686 40502 35784 36596.15 36432.15 38473.60
47342 41636 38298 38723.90 38436.43 38977.74
64769 58075 48533 50389.01 49937.19 54022.01
(40× 4) 907 879 827 824.44 844.19 827.62
5431 5267 4950 5070.32 5051.21 4968.00
320 12834 13467 12826 12894.73 12827.60 12826.57
triangular 14286 13863 13006 13188.12 13258.21 13099.22
elements 25949 25193 23554 24044.43 23992.82 23836.27
38511 38456 35778 36596.15 36432.15 36409.61
39612 40370 38408 38723.90 38436.43 38453.30
54647 53043 49029 50389.01 49937.19 50215.89
Table 2
Numerical error comparison with Euler–Bernoulli beam natural frequencies.
Mode FEM-T3 FEM-Q4 ES-FEM MLPG NBNM AαFEM Euler beam
1 907 824 827 824 844.19 827.62 827.65
Error with Euler beam(%) 9.594 5.841 −0.072 −0.435 1.959 −0.0036 –
2 5431 4944 4950 5070 5051.21 4968.00 5186.77
Error with Euler beam(%) 4.709 4.681 −4.565 −2.251 −2.683 −4.2178 –
Fig. 22. First eight modes of a cantilever beam by the AαFEM.
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Fig. 23. Tapered cantilever plate with central circular hole and its meshes.
Table 3
First eight frequencies (rd/s) of the tapered cantilever plate.
Mode FEM-T3 Zhao [47] AαFEM Exact solution [48]
Mode 1 0.0773 0.0833 0.0731 0.0744
Error(%) 3.9 11.9624 −1.75 –
Mode 2 0.1699 0.1661 0.1638 0.1648
Error(%) 3.09 0.7888 −0.61 –
Mode 3 0.2223 0.2334 0.2117 0.2055
Error(%) 8.18 13.5766 3.02 –
Mode 4 0.3055 0.3302 0.2779 0.2939
Error(%) 3.95 12.3511 −5.44 –
Mode 5 0.3531 0.3525 0.3209 0.3243
Error(%) 8.88 8.6957 −1.05 –
Mode 6 0.4763 0.4234 0.4441 0.4399
Error(%) 8.27 −3.7509 0.95 –
Mode 7 0.4821 0.4624 0.4499 0.4482
Error(%) 7.56 3.1682 0.38 –
Mode 8 0.5421 0.4805 0.5148 0.4973
Error(%) 9.01 −3.3782 3.52 –
Table 4
First eight frequencies (rd/s) of a shear wall.
No. elements FEM-T3 FEM(ABAQUS) [46] Brebbia [49] MLPG [46] AαFEM
2.146 2.073 2.079 2.069 2.0270
7.342 7.096 7.181 7.154 7.0054
952 7.653 7.625 7.644 7.742 7.6085
triangular 12.601 11.938 11.833 12.163 11.6181
elements 16.079 15.341 15.947 15.587 15.1223
18.865 18.345 18.644 18.731 18.1770
20.525 19.876 20.268 20.573 19.6959
22.793 22.210 22.765 23.081 22.0139
2.0634 2.073 2.079 2.069 2.0105
7.0926 7.096 7.181 7.154 6.9554
7.6206 7.625 7.644 7.742 7.6011
3808 11.8926 11.938 11.833 12.163 11.4767
triangular 15.3559 15.341 15.947 15.587 14.9788
elements 18.3444 18.345 18.644 18.731 18.0807
19.8988 19.876 20.268 20.573 19.5951
22.2439 22.210 22.765 23.081 21.8834
6.2.2. Free vibration analysis of tapered cantilever plate with central circular hole
Consider the tapered cantilever plate with a central circular hole, shown in Fig. 23. The following material property
parameters are used in the analysis: mass density ρ = 1, Young’s modulus E = 1 and Poisson’s ratio ν = 0.3, plane stress
condition is assumed.
Table 3 shows the numerical error of the AαFEM compared to several other methods. The corresponding mode shapes
are shown in Fig. 24. The above results show the good performance of the present method. Also, it is found that the AαFEM
achieves higher accurate than FEM-T3 as well as reference solutions.
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Fig. 24. First eight modes of the tapered cantilever plate by the AαFEM.
6.2.3. Free vibration analysis of a shear wall
A shearwallwith four openings (see Fig. 25) is analyzed,which has been solved using BEM in [49]. The bottomedge is fully
clamped. Plane stress conditions are considered with E = 10 × 103 N/m2,ν = 0.2, t = 1.0 m, ρ = 1.0 N/m3. The natural
frequencies of the first 8 modes are calculated and shown in Fig. 26 and in Table 4. The natural frequencies obtained with
the AαFEM are lower than those of the FEM-T3 and provide the best results compared to the reference solution provided
in [49].
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Fig. 25. A shear wall with four openings and its meshes.
Table 5
First eight natural frequencies (Hz) of a Connecting rod.
No. elements FEM-T3 FEM-Q4 [50] FEM-Q8 [2] ES-FEM AαFEM
5.454 5.1369 5.1222 5.1368 5.0865
23.466 22.050 21.840 22.0595 21.8690
574 49.803 49.299 49.115 49.3809 49.2016
triangular 55.516 52.232 51.395 52.0420 51.6044
elements 99.715 93.609 91.787 92.7176 92.3010
116.243 108.59 106.153 109.5887 107.9777
147.192 134.64 130.146 132.6795 132.3226
166.975 159.45 156.142 158.2376 158.0875
5.209 5.124 5.1222 5.1246 5.1082
22.291 21.909 21.840 21.8805 21.8191
2296 49.360 49.211 49.115 49.1726 49.1125
triangular 52.592 51.657 51.395 51.5181 51.3580
elements 94.154 92.390 91.787 91.9305 91.7107
109.474 107.51 106.153 106.8473 106.3088
135.321 131.48 130.146 130.5546 130.2115
160.165 157.51 156.142 156.3497 156.1473
Table 6
First eight natural frequencies (Hz) of a machine part.
No.nodes FEM-T3 FEM [51] NBNM [45] AαFEM
954.208 909.09 906.50 899.5509
1684.134 1639.45 1640.04 1613.7050
637 4602.111 4434.00 4426.57 4372.3597
triangular 10383.386 9944.57 9932.99 9831.4070
elements 11498.753 11209.39 11226.98 11192.9315
17898.438 17522.44 17516.87 17337.4634
22907.050 – – 22376.2442
24794.438 – – 24057.6648
961.745 909.09 906.50 899.3090
1692.864 1639.45 1640.04 1614.9336
838 4611.028 4434.00 4426.57 4377.1788
triangular 10363.961 9944.57 9932.99 9833.8197
elements 11539.766 11209.39 11226.98 11182.8249
17961.157 17522.44 17516.87 17349.3836
22941.550 – – 22370.2123
24878.957 – – 24034.7601
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Fig. 26. First eight frequencies of the shear wall by the AαFEM.
Fig. 27. Geometric model of an automobile connecting rod and its meshes.
6.2.4. Free vibration analysis of a connecting rod
A free vibration analysis of a connecting rod as shown in Fig. 27 is performed. The plane stress problem is considered
with E = 1.0 × 1010 N/m2, ν = 0.3, ρ = 7.8 × 103 kg/m3. The nodes on the left inner circumference are fixed in two
directions.
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Fig. 28. First eight modes of a connecting rod by the AαFEM.
Fig. 29. A machine part and its meshes.
Again, the AαFEM are always superior to FEM-T3 shown in Table 5. It is seen that the AαFEM using triangular elements
can be applied to the vibration analysis with high reliability. The modes using the present method are also illustrated in
Fig. 28.
6.2.5. Free vibration analysis of a machine part
Next, consider the eigenvalue analysis for a machine part designed by CAD as shown in Fig. 29. The two-dimensional
plane stress problem is assumed with E = 2.1 × 104 kgf/mm2, ν = 0.3, ρ = 8.0 × 10−10 kgfs2/mm4, t = 1.0 mm. The
natural frequencies of the first eight modes are presented in Table 6. The results obtained from the AαFEM agree with the
reference solution and are more accurate than the FEM-T3 for the same mesh. The modes calculated using the AαFEM are
shown in Fig. 30.
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Fig. 30. First eight modes a machine part by the AαFEM.
6.2.6. Forced vibration analysis of a cantilever beam
Then last example is the cantilever beam is show in Fig. 31. This beam is subjected to a tip harmonic loading P = 1000g(t)
in the y-direction. Plane strain conditions are assumed with thickness t = 1, Young’s modulus E = 3 × 107 and Poisson’s
ratio ν = 0.3. The time step∆t = 1× 10−3 is used.
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Fig. 31. Cantilever beam for forced vibration and harmonic loading.
Fig. 32. Displacement uy at point A using Newmark method (δ = 0.5, β = 0.25, g(t) = sinωt).
Fig. 33. Displacement uy at point A using Newmark method (δ = 0.5, β = 0.25, g(t) = sinωt).
The AαFEM is more accurate than the FEM-T3 and FEM-Q4 for large time steps, as shown in Figs. 32 and 33. Of course,
this accuracy decreases if the time step is too large (an example for ∆t = 5 × 10−2 is given in Fig. 33), the accuracy of
the AαFEM decreases. As shown in Fig. 34 the results obtained by the AαFEM without damping (c = 0) are very good. The
results with damping (c = 0.4) are very stable as shown in Fig. 35.
7. Conclusions
The static, free and forced vibration analysis of two-dimensional solid mechanics problems has been presented in this
paper. An assumed strain field is carefully constructed based on the piecewise constant strain field of linear triangular FEM
models with an adjustable parameter α (α ∈ [0, 1.6]). When α = 0, the present element becomes the standard FEM and
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Fig. 34. Transient displacement uy at point A using Newmark method (δ = 0.5 and β = 0.25).
Fig. 35. Transient displacement uy at point A using Newmark method (δ = 0.5 and β = 0.25).
hence produces a lower bound in the strain energy. For α = 1.6, the element becomes the node-based smoothed FEM
(NS-FEM) model and leads to an upper bound in the strain energy. For intermediate values of α, the element was shown to
underestimate the strain energy. It was also shown that a so-called ‘‘optimal’’ value for α could be easily found such that the
exact strain energy is recovered.
Through some numerical examples showed, we conclude: (1) The numerical results of the AαFEM using triangular
elements are always more accurate than those of FEM-T3 and even more accurate than those of the FEM-Q4 with the same
number of nodes. The convergence rates in the energy norm are asymptotically the same as these standard FEM techniques;
(2) In the natural frequency and forced vibration analyses, the AαFEM is always stable and gives more accurate results than
the corresponding FEM-T3 and FEM-Q4; (3) The AαFEM is easy to implement into a finite element program and triangular
meshes are ideal for complicated problem domains.
It is promising to extend the AαFEM to plate and shell problems by combining the AαFEM with the DSG method [52]
to alleviate shear locking and to improve the accuracy of solutions. Also, the AαFEM is suitable for adaptive analysis as it
uses only triangular elements that can be automatically generated for complicated domains. Extensions to 3D tetrahedral
elements would be most worthwhile given the greater compliance of the proposed elements in two-dimensional settings.
In away similar to [14], the coupling of the proposedmethod to partition of unity enrichment has the potential to provide
accurate methods for the vibration analysis of cracked structures.
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